


TCC Week 5 Always assume - • + ✓ satisfies!
De-9

.

We
say V70 is a small

sub -solution
at infinity for - A. + V in D= IR1B

,
if

3- a supersolution U* > 0 such that

line ✓ ( x)
1×1-ooo ¥3

= 0
.

We
say V70 is a large sub -solution

at infinity for - ☐ +Vivid if V is not asmale
subsolution

,

f supersolution U* > 0 ,
limsup ¥¥, so1×1-ooo



Lemma1 . If v is a small substation at as,
then It positive supersolution U,
I e > 0 : U > e V in B- I

,
for some R >I

⑧ We may assume sup
V =L

.

Set e-- int u > 0
1×1 =R HER

Consider VE = ev - eux , u* >0 is from
the Dehfn

.

of small sub -see
.

1) Ve all on 1×1 -_ R A
• pesos

a) ↳ ← 0 on 1×1 > pa ⇒ R [¥É[
⇒ by Comparison Pr. on ftp.pai-FRHxkpe} ,

ve EU in AR.pe ⇒ V su iu BE 16



Example : - D in ①
•
- BT

,
0=3

⇒ 4=1×12
- "
is a small subsolution

4 u*= I - supersolution , dim ¥, = o B
1×1-00

Exercise : U** =/ ✗I is a supersolution too,
t.im v1

1×1-000 ¥
= 0

Are there any large subsolutions?



Lemma2 . Assume that - DV +Vv so in BT
,

V70
,
V70 V = 0 on 1×1--1 .

Then V is a large subsection .

⑧ Assume V is not large -_ small ⇒

I k* > 0 , -All ☒ + Vu* > 0 in Big
ein v

1×1-ooo Tux
= 0

.
As before

,
Ve:=V - eU* .

Then : 1) Ve = 0 on 1×1=1
2) Us £0 on 1×1 __ pa > 1 (same as before)



Fix a compact set KCBT?
Take pa ⇒ d- so that Kc Ape (pe⇒⇒
Take Vu - Me .

nphpppn-4So Vu t U* on A)Pe
~because Vu=0 on the

boundary . T '

pe

But vn G) → + asV-x-ekh-s.es

⇒ ↳G) = +of ✗ c- K - a contradiction!
Do



Example : ✓ =L -1×12
"

.

Then ✓ is a large solution
for - D in IRN -Bi , N =3 .

I - DV =0 in BT
,
V=0 on 1×1=1 .

B

Exercise : - D in IR7E
.

Then

1) V1 =L is a small sub - see (take k*=l•gW)
2) Vo=eogH is a large sub -see



phragmen-lindef.ae -5 principle
Let u > 0 be a supersolution to - ☐ +Vin-Bi .

Then : i) 5-or any small subsection U

at as 7 R > 1
,
e-0 : u > ev in B-[

2) 5- or any large subsolution W at as

eimiif u

1×1→ as
< too

⑧ 1) = Lemma t ; 2) = Def . of large sub -soe.be

[ Potter-Weinberger]



large sub-sae
- D in IR3 A- ✓ 0--1 - large

superharmonies4EI.sn#T--*-smaee
Remarks :

i) - ☐V40 ⇒ v⇐
"

U or V3
"

U
w

Éy every

super supers .

✗
supersede .

e) NUUU-w1×1-soo
eimiif ⇐ < +• :hi

7 ✗n -oo : l.im V(×u)
Has

< + as

"
comparison on a sequence

of points
"



Example : - D in IR
"
-BT
,
N > 3

1×10 is a supersolution if - IN -2) ←8=0
small subset if 8s -1ns)
large subset if 8>-0
A

- (E)
2 -11×18=-818-1N-2)1×18-2

sua

☐

large subsetsubs



Exercise : - D on IR2 1BT :

u= log Blxl - superset if Beloit]
small subset if p< 0

large subset if B > I

V = r°
,
8<-0 - small subset

8>-0 - large subso
-

Exercise :
Describesmaeeleargesu@soe.to

- is -¥ in IR1E
in the form u=eIxN .



Example : Consider - A +V in IR1E
,

t.im
☒→• ¥¥e = 0 and - ☐ +V satisfies①

Then -All +Vu >0 in IR9E
,
u > 0 ⇒

eimiufu > o ,
limit klx) <too

1×1-0A 1×1- IN -2) 1×1→ as

⑧ Take V ,
= 1×1

- "⇒
+ a 1×1-1^2>-8 ' ,o<a& .

- smaee

is a small subsolution - AV1-1VV , ← 0inBE

V0 = I - a /✗f-
(N-2)+8 .

> 0<9,82 - small
is a large subsection B


